
Multivector field formulation of Hamiltonian field theories: equations and symmetries

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1999 J. Phys. A: Math. Gen. 32 8461

(http://iopscience.iop.org/0305-4470/32/48/309)

Download details:

IP Address: 171.66.16.111

The article was downloaded on 02/06/2010 at 07:51

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/32/48
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen.32 (1999) 8461–8484. Printed in the UK PII: S0305-4470(99)05816-3

Multivector field formulation of Hamiltonian field theories:
equations and symmetries
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Departamento de Mateḿatica Aplicada y Teleḿatica, Edificio C-3, Campus Norte UPC, C/ Jordi
Girona 1, E-08034 Barcelona, Spain

E-mail: matmcml@mat.upc.es andmatnrr@mat.upc.es

Received 8 July 1999

Abstract. We state the intrinsic form of the Hamiltonian equations of first-order classical field
theories in three equivalent geometrical ways: using multivector fields, jet fields and connections.
Thus, these equations are given in a form similar to that in which the Hamiltonian equations of
mechanics are usually given.

Then, using multivector fields, we study several aspects of these equations, such as the
existence and non-uniqueness of solutions, and the integrability problem. In particular, these
problems are analysed for the case of Hamiltonian systems defined in a submanifold of the
multimomentum bundle. Furthermore, the existence of first integrals of these Hamiltonian
equations is considered, and the relation betweenCartan–Noether symmetriesand general
symmetriesof the system is discussed. Noether’s theorem is also stated in this context, both
the ‘classical’ version and its generalization to include higher-order Cartan–Noether symmetries.
Finally, the equivalence between the Lagrangian and Hamiltonian formalisms is also discussed.

1. Introduction

The geometric structures underlying the covariant Lagrangian description of first-order field

theories are first-order jet bundlesJ 1E
π1→ E

π→ M and their canonical structures (see [8], and
references therein). For the covariant Hamiltonian formalism several formulations arise, which
use different kinds of differentiable structures (polysymplectic,k-symplectic,k-cosymplectic
or multisymplecticforms) andmultimomentum phase spaceswhere the formalism takes place
(see, for instance, [1,5,13,15,16,23,24,28,31,34]).

In any case, a subject of interest in the geometrical description of the Hamiltonian
formalism of classical field theories is related to the field equations, which are called
the Hamiltonian equations. In the multisymplectic models, both in the Lagrangian and
Hamiltonian formalisms, the field equations are usually written using the multisymplectic
form in order to characterize the critical sections which are solutions of the problem [8,12,14].
This characterization can be derived from a suitable variational principle.

However, other attempts have been made to write these field equations in a more
geometric–algebraic manner (as is done in mechanics, using vector fields); namely by using
Ehresmann connections[25, 36], jet fields[8], or multivector fields[14, 20–23]. All of them
have been carefully studied in [9] for the Lagrangian formalism of field theories, and their
equivalence demonstrated. The aim of this work is to carry out the analysis of these procedures
for the Hamiltonian formalism, proving that all of them are equivalent and using, in particular,
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the multivector field formulation to study the existence and non-uniqueness of solutions of these
equations, and their integrability. Furthermore, equivalence theorems between the Lagrangian
and Hamiltonian formalisms are stated. Thus, previous works of Kanatchikov devoted to the
analysis of the field equations in the Hamiltonian formalism using multivector fields (in a more
specific context), are completed.

Another subject of interest is the study of symmetries. Again using the multivector field
formalism, we introduce and characterize different kinds of symmetries which are relevant in
field theory, showing their relation. In particular, Noether’s theorem is proved and generalized
in order to include higher-order Noether symmetries.

The paper is structured as follows: in section 2 we review the construction of Hamiltonian
systems in field theory. Section 3 is devoted to setting the Hamiltonian field equations
in terms of multivector fields, connections and jet fields (showing the equivalence of three
methods), analysing the existence and non-uniqueness of solutions (in the regular case), and
their integrability. Sections 4 and 5 deal with the study of symmetries, first integrals and
Noether’s theorem. In section 6, the case of restricted Hamiltonian systems is considered
(those where the equations are defined in a submanifold of the multimomentum bundle).
Hamiltonian systems associated with Lagrangian systems are treated in section 7, including
the equivalence between the Lagrangian and Hamiltonian formalism (for the hyper-regular
case). In section 8, an example which is a quite general version of many typical models in
field theories is analysed. The last section is devoted to presenting the conclusions. The work
ends with an appendix where the main features concerning multivector fields and connections
are reviewed.

All manifolds are real, paracompact, connected andC∞. All maps areC∞. Sum over
crossed repeated indices is understood. Throughout this paperπ : E → M will be a fibre
bundle (dimM = m, dimE = N + m), whereM is an oriented manifold with volume
form ω ∈ �m(M), andπ1 : J 1E → E will be the jet bundle of local sections ofπ .
The mapπ̄1 = π ◦ π1 : J 1E −→ M defines another structure of differentiable bundle.
Finally, (xµ, yA, vAµ) will be natural local systems of coordinates inJ 1E (µ = 1, . . . , m;
A = 1, . . . , N).

2. Hamiltonian systems

The Hamiltonian formalism for first-order field theories requires the choice of a
multimomentum phase space. This choice is not unique. In [10, 11], the relations among
some of them are shown and, in particular, the following result is proved (see also [5,30]).

Theorem 1. Letπ : E→ M be a fibre bundle. Then the following bundles are diffeomorphic:

(1) 3m
1 T∗E/π∗3mT∗M (where3m

1 T∗E ≡Mπ is the bundle ofm-forms onE vanishing by
the action of twoπ -vertical vector fields).

(2) Aff (J 1E,π∗3mT∗M)/π∗3mT∗M (whereAff (J 1E,π∗3mT∗M) denotes the set of affine
bundle maps fromJ 1E to π∗3mT∗M).

(3) π∗TM⊗V∗(π)⊗π∗3mT∗M (whereV∗(π) denotes the dual bundle ofV(π) = ker Tπ ).

Thus, we take these equivalent bundles as our multimomentum phase space, and call it
themultimomentum bundle. We denote it byJ 1∗E, and its points as̃y ∈ J 1∗E. For the natural
projections we will writeτ 1 : J 1∗E → E andτ̄ 1 = π ◦ τ 1 : J 1∗E → M. Given a system of
coordinates adapted to the bundleπ : E→ M, we can construct natural coordinates inJ 1∗E
andMπ , which will be denoted as(xµ, yA, pµA) and(xµ, yA, pµA, p), respectively.
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In order to complete the geometric background of the Hamiltonian formalism, the
multimomentum bundle must be endowed with a geometric structure which characterizes the
system. Thus, we can constructHamiltonian systemsin three different ways [5,11,13,26,34].

First, the multicotangent bundle3mT∗E is endowed with canonical forms [4]:Θ ∈
�m(3mT∗E) and the multisymplectic formΩ := −d2 ∈ �m+1(3mT∗E). But Mπ ≡
3m

1 T∗E is a subbundle of3mT∗E. Then, ifλ : 3m
1 T∗E ↪→ 3mT∗E is the natural embedding,

2 := λ∗Θ and� := −d2 = λ∗Ω are canonical forms inMπ , which are called the
multimomentum Liouvillem and(m + 1) formsofMπ . In a system of natural coordinates in
Mπ we have

2 = pµAdyA ∧ dm−1xµ + pdmx � = −dpµA ∧ dyA ∧ dm−1xµ − dp ∧ dmx.

A sectionh : J 1∗E →Mπ of the projectionµ :Mπ → J 1∗E is called aHamiltonian
section. TheHamilton–Cartanm and(m + 1) formsassociated with the Hamiltonian section
h are

2h = h∗2 �h = h∗� = −d2h.

Using natural coordinates inJ 1∗E, a Hamiltonian section is locally specified by alocal
Hamiltonian functionH ∈ C∞(U), U ⊂ J 1∗E, such thath(xµ, yA, pµA) ≡ (xµ, yA, pµA, p =
−H(xγ , yB, pνB)). Therefore, ifτ̄ 1∗ω = dmx ≡ dx1∧ . . .∧dxm, the Hamilton–Cartan forms
take the local expressions

2h = pµAdyA ∧ dm−1xµ −Hdmx �h = −dpµA ∧ dyA ∧ dm−1xµ + dH ∧ dmx (1)

where dm−1xµ ≡ i( ∂
∂xµ
)dmx.

A variational problem can be posed for the system(J 1∗E,�h): the states of the field are
the sections of̄τ 1 which are critical for the functionalH : 0c(M, J 1∗E) → R defined by
H(ψ) := ∫

M
ψ∗2h, for everyψ ∈ 0c(M, J 1∗E); where0c(M, J 1∗E) is the set of compact

supported sections of̄τ 1. As is known [8, 11], these critical sections are characterized by the
conditionψ∗i(X)�h = 0, for everyX ∈ X(J 1∗E), which in natural coordinates inJ 1∗E, is
equivalent to demanding thatψ = (xµ, yA(x), pµA(x)) satisfies the equations

∂yA

∂xµ

∣∣∣∣
ψ

= ∂H

∂p
µ

A

∣∣∣∣
ψ

∂p
µ

A

∂xµ

∣∣∣∣
ψ

= − ∂H
∂yA

∣∣∣∣
ψ

(2)

which are known as theHamilton–De Donder–Weyl (HDW) equations. But, asH is a local
Hamiltonian function, these equations are not covariant; that is, they transform in a non-trivial
way under changes of coordinates (see [5]).

The way to overcome this problem (and get a system of covariant equations) consists in
using a connection. In fact, a connection∇ in the bundleπ : E→ M induces a linear section
j∇ : J 1∗E→Mπ of the projectionµ [5,11]. Then, we can construct the differentiable forms

2∇ := j ∗∇2 �∇ := −d2∇ = j ∗∇�
which are called theLiouvillem and(m+ 1) formsof J 1∗E associated with the connection∇.
Using natural coordinates inJ 1∗E andMπ , if ∇ = dxµ ⊗ ( ∂

∂xµ
+ 0Aµ

∂
∂yA
), then we have that

j∇(xµ, yA, pAµ) = (xµ, yA, pAµ, p = −pAν 0νA), and

2∇ = pµAdyA ∧ dm−1xµ − pµA0Aµdmx

�∇ = −dpµA ∧ dyA ∧ dm−1xµ + d(pµA0
A
µ) ∧ dmx.

Now we have the following result.

Lemma 1. If h1, h2 : J 1∗E→Mπ are two sections ofµ, thenh∗12− h∗22 = h1− h2.
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Proof. On the one hand,h∗12 − h∗22 ∈ �m(J 1∗E). On the other hand,h1 − h2 : J 1∗E →
Mπ ≡ 3m

1 T∗E has its image inπ∗3mT∗M, becauseh1, h2 are sections ofµ. But we have a
natural inclusionπ∗3mT∗M ↪→ 3mT∗J 1∗E given by means of the projectionτ 1 : J 1∗E→ E.
Finally, the equality follows from a trivial calculation using natural coordinates. �

Therefore, given a connection∇ and a Hamiltonian sectionh, from this lemma we have
that

j∇ − h = j ∗∇2− h∗2 ≡ 2∇ −2h := H∇h
is a τ̄ 1-semibasicm-form in J 1∗E. It can be written asH∇h = Hτ̄ 1∗ω, where H∈ C∞(J 1∗E)
is the(global) Hamiltonian functionassociated withH∇h andω. Then, we can define

2∇h := 2∇ −H∇h �∇h := −d2∇H = �∇ + dH∇h
which are called theHamilton–Cartanm and (m + 1) forms of J 1∗E associated with the
Hamiltonian sectionh and the connection∇. Their local expressions are

2∇h = pµAdyA ∧ dm−1xµ − (H + pµA0
A
µ)d

mx

�∇h = −dpµA ∧ dyA ∧ dm−1xµ + d(H + pµA0
A
µ) ∧ dmx

(3)

where H is a global Hamiltonian function, whose relation with the local Hamiltonian function
H associated with the Hamiltonian sectionh is H = H − pAµ0µA (in an open setU ). In field
theory, everȳτ 1-semibasicm-form in J 1∗E is usually called aHamiltonian density.

As in the above case, the variational problem for the system(J 1∗E,�∇h ) leads to the
following characterization of the critical sections:

ψ∗i(X)�∇h = 0 for everyX ∈ X(J 1∗E) (4)

which, in natural coordinates inJ 1∗E, is equivalent to the local equations (for the critical
sectionsψ = (xµ, yA(x), pµA(x)))

∂yA

∂xµ

∣∣∣∣
ψ

=
(
∂H

∂p
µ

A

+ 0Aµ

) ∣∣∣∣
ψ

∂p
µ

A

∂xµ

∣∣∣∣
ψ

= −
(
∂H

∂yA
+ pνB

∂0Bν

∂yA

) ∣∣∣∣
ψ

(5)

which are covariant, and are called theHamiltonian equationsof the system.
If, conversely, we take a connection∇ and a Hamiltonian densityH, then making

j∇−H ≡ h∇ we obtain a section ofµ, that is, a Hamiltonian section, becauseH : J 1∗E→Mπ

takes values inπ∗3mT∗M. Hence we have proved the following proposition.

Proposition 1. A couple (h,∇) in J 1∗E is equivalent to a couple(H,∇) (that is,
given a connection∇, Hamiltonian sections and Hamiltonian densities are in one-to-one
correspondence).

Bearing in mind this last result, we have a third way of obtaining a Hamiltonian system,
which consists of taking a couple(H,∇), and then defining

2∇H := 2∇ −H �∇H := −d2∇H = �∇ + dH
which are theHamilton–Cartanm and(m+1) formsof J 1∗E associated with the Hamiltonian
densityH and the connection∇. Their local expressions are the same as in (3), with
H = Hτ̄ 1∗ω.

Summarizing, there are three ways of constructing Hamiltonian systems in field theory,
namely:

• Giving a Hamiltonian sectionh : J 1∗E→Mπ .
• Giving a couple(h,∇), where h is a Hamiltonian section and∇ a connection in
π : E→ M.
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• Giving a couple(H,∇), whereH is a Hamiltonian density.

In each case, we can construct the Hamilton–Cartan forms and set a variational problem, which
is called theHamilton–Jacobi principleof the Hamiltonian formalism. As we have said, the
second and third way are equivalent.

From now on, a couple(J 1∗E,�∇h ), or equivalently(J 1∗E,�∇H), will be called a
Hamiltonian system.

3. Hamiltonian equations, multivector fields and connections

We can set the Hamiltonian field equations using jet fields, connection forms and multivector
fields (see the appendix for notation and terminology).

First, an action of jet fields on forms is defined in the following way [8, 9]: consider
the bundleJ 1(J 1∗E) (the jet bundle of local sections of the projectionτ̄ 1), which is
an affine bundle overJ 1∗E, whose associated vector bundle isτ̄ 1∗T∗M ⊗E V(τ̄ 1). We

haveJ 1(J 1∗E)
τ 1

1−→ J 1∗E
τ̄ 1−→ M. If Y : J 1∗E → J 1(J 1∗E) is a jet field, a map

Ȳ : X(M)→ X(J 1∗E) can be defined as follows: for everyZ ∈ X(M), Ȳ(Z) ∈ X(J 1∗E) is
the vector field given bȳY(Z)(ỹ) := (Tτ̄ 1(ỹ)ψ)(Zτ̄ 1(ỹ)), for everyỹ ∈ J 1∗E andψ ∈ Y(ỹ). If
Y ≡ (xµ, yA, pµA, FAµ (x, y, p),Gρ

Aµ(x, y, p)), its local expression is

Ȳ
(
f µ

∂

∂xµ

)
= f µ

(
∂

∂xµ
+ FAµ

∂

∂yA
+Gρ

Aµ

∂

∂p
ρ

A

)
.

This map induces an action ofY on the forms inJ 1∗E. In fact, letξ ∈ �m+k(J 1∗E), with

k > 0, we define i(Y)ξ : X(M)× (m)· · · ×X(M) −→ �k(J 1∗E) given by

[(i(Y)ξ)(Z1, . . . , Zm)](ỹ;X1, . . . , Xk) := ξ(ỹ; Ȳ(Z1), . . . , Ȳ(Zm),X1, . . . , Xk)

for Z1, . . . , Zm ∈ X(M) andX1, . . . , Xk ∈ X(J 1∗E). It is aC∞(M)-linear and alternate map
on the vector fieldsZ1, . . . , Zm. TheC∞(J 1∗E)-linear map i(Y) so defined, extended by zero
to forms of degreep < m, is called theinner contractionwith the jet fieldY. Then, given
lemma 2, the following theorem can be proved [8,9].

Lemma 2. If Y is an integrable jet field andξ ∈ �m+1(J 1∗E). Theni(Y)ξ = 0 if, and only
if, the integral sectionsψ : M → J 1∗E of Y satisfy the relationψ∗i(X)ξ = 0, for every
X ∈ X(J 1∗E).

Theorem 2. Let(J 1∗E,�∇h ) be a Hamiltonian system. The critical sections of the Hamilton–
Jacobi principle are the sectionsψ ∈ 0c(M, J

1∗E) satisfying any one of the following
conditions:

(1) They are the integral sections of an integrable jet fieldYH : J 1∗E→ J 1(J 1∗E) satisfying
that i(YH)�∇h = 0.

(2) They are the integral sections of an integrable connection∇H satisfying thati(∇H)�∇h =
(m− 1)�∇h .

(3) They are the integral sections of a class of integrable andτ̄ 1-transverse multivector fields
{XH} ⊂ Xm(J 1∗E) such thati(XH)�∇h = 0, for everyXH ∈ {XH}.

Proof. Critical sections are characterized by equation (4). Then, using the above lemma with
ξ ≡ �∇h , we obtain the equivalence between (4) and condition (1).
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For the second condition it suffices to use the expression in natural coordinates of a
connection

∇H = dxµ ⊗
(
∂

∂xµ
+ FAµ

∂

∂yA
+Gρ

Aµ

∂

∂p
ρ

A

)
.

Hence, bearing in mind the local expression (3), we prove that the condition i(∇H)�∇h =
(m − 1)�∇h holds for an integrable connection if, and only if, the Hamiltonian equations (5)
hold for its integral sections (see [25,36]).

Finally, condition (3) is a direct consequence of the equivalence between orientable and
integrable jet fieldsY : J 1∗E→ J 1(J 1∗E), and classes of locally decomposable,τ̄ 1-transverse
and integrable multivector fields{X} ⊂ Xm(J 1∗E). �

Thus, in Hamiltonian field theories we search for (classes of)τ̄ 1-transverse and locally
decomposable multivector fieldsXH ∈ Xm(J 1∗E) such that:

(1) The equation i(XH)�∇h = 0 holds.
(2) XH are integrable.

A representative of the class of multivector fields satisfying the first condition can be selected
by demanding that i(XH)(τ̄ 1∗ω) = 1. Then its local expression is

XH =
m∧
µ=1

(
∂

∂xµ
+ FAµ

∂

∂yA
+Gρ

Aµ

∂

∂p
ρ

A

)
. (6)

Concerning the second condition, let us recall that, if{XH} ⊂ Xm(J 1∗E) is a class of locally
decomposable and̄τ 1-transverse multivector fields, thenXH is integrable if, and only if, the
curvature of the connection associated with this class vanishes everywhere.

Definition 1. XH ∈ Xm(J 1∗E) will be called a HDW-multivector field for the system
(J 1∗E,�∇h ) if it is τ̄ 1-transverse, locally decomposable and verifies the equationi(XH)�∇h =
0.

We denote the set of HDW-multivector fields byXm
HDW(J

1∗E,�∇h ).

Theorem 3 (existence and local multiplicity of HDW-multivector fields).Let (J 1∗E,�∇h )
be a Hamiltonian system.

(1) There exist classes of HDW-multivector fields{XH} ⊂ Xm
HDW(J

1∗E), (and hence
equivalent jet fieldsYH : J 1E → J 1(J 1∗E) with associated connection forms∇H,
satisfyingi(YH)�∇h = 0 and i(∇H)�∇h = (m− 1)�∇h , respectively).

(2) In a local system the above solutions depend onN(m2 − 1) arbitrary functions.

Proof.

(1) First we analyse the local existence of solutions and then their global extension.
In a chart of natural coordinates inJ 1∗E, the expression of�∇h is (3); and taking the
multivector field given in (6) as representative of the class{XH}, from the relation
i(XH)�∇h = 0 we obtain the following conditions:

• The coefficients on dpµA must vanish:

0= FAν −
∂H

∂pνA
− 0Aν (for everyA, ν). (7)

This system ofNm linear equations determines unequivocally the functionsFAν .
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• The coefficients on dyA must vanish

0= Gµ

Aµ +
∂H

∂yA
+ pνB

∂0Bν

∂yA
(A = 1, . . . , N) (8)

which is a compatible system ofN linear equations on theNm2 functionsGµ

Aν .
• Using these results we obtain that the coefficients on dxµ vanish identically.

These results allow us to assure the local existence of (classes of) multivector fields
satisfying the desired conditions. The corresponding global solutions are then obtained
using a partition of unity subordinated to a cover ofJ 1∗E made of natural charts.
(Note that, ifψ = (xµ, yA(xν), pµA(xν)) is an integral section ofXH (resp.YH), then

FAµ ◦ ψ =
∂yA

∂xµ
G
µ

Aµ ◦ ψ = −
∂p

µ

A

∂xµ

and then equations (7) and (8) are the Hamiltonian equations forψ .)
(2) In natural coordinates inJ 1∗E, a HDW-multivector fieldXH ∈ {XH} is given by (6). So,

it is determined by theNm coefficientsFAν (which are obtained as the solution of (7)),
and by theNm2 coefficientsGµ

Aν , which are related by theN independent equations (8).
Therefore, there areN(m2 − 1) arbitrary functions. �

Finally, we try to determine if it is possible to find a class of integrable HDW-multivector
fields. Hence we must impose that the corresponding multivector fieldXH verify the
integrability condition; that is, the curvature of the associated connection∇H vanishes
everywhere:

0=
(
∂FBη

∂xµ
+ FAµ

∂FBη

∂yA
+Gγ

Bµ

∂FBη

∂p
γ

A

− ∂F
B
µ

∂xη
− FAη

∂FBµ

∂yA
−Gρ

Aη

∂FBµ

∂p
ρ

A

)
(dxµ ∧ dxη)⊗ ∂

∂yB

+

(
∂G

ρ

Bη

∂xµ
+ FAµ

∂G
ρ

Bη

∂yA
+Gγ

Aµ

∂G
ρ

Bη

∂p
γ

A

− ∂G
ρ

Bµ

∂xη
− FAη

∂G
ρ

Bµ

∂yA
−Gγ

Aη

∂G
ρ

Bµ

∂p
γ

A

)

×(dxµ ∧ dxη)⊗ ∂

∂p
ρ

B

or, equivalently, the following system of equations hold (for 16 µ < η 6 m):

0= ∂FBη

∂xµ
+ FAµ

∂FBη

∂yA
+Gγ

Aµ

∂FBη

∂p
γ

A

− ∂F
B
µ

∂xη
− FAη

∂FBµ

∂yA
−Gρ

Aη

∂FBµ

∂p
ρ

A

= ∂2H

∂xµ∂p
η

B

+
∂H

∂p
µ

A

∂2H

∂yA∂p
η

B

+Gγ

Aµ

∂2H

∂p
γ

A∂p
η

B

− ∂2H

∂xη∂p
η

B

− ∂H
∂p

η

A

∂2H

∂yA∂p
µ

B

−Gρ

Aη

∂2H

∂p
ρ

A∂p
µ

B

(9)

0= ∂G
ρ

Bη

∂xµ
+ FAµ

∂G
ρ

Bη

∂yA
+Gγ

Aµ

∂G
ρ

Bη

∂p
γ

A

− ∂G
ρ

Bµ

∂xη
− FAη

∂G
ρ

Bµ

∂yA
−Gγ

Aη

∂G
ρ

Bµ

∂p
γ

A

= ∂G
ρ

Bη

∂xµ
+
∂H

∂p
µ

A

∂G
ρ

Bη

∂yA
+Gγ

Aµ

∂G
ρ

Bη

∂p
γ

A

− ∂G
ρ

Bµ

∂xη
− ∂H

∂p
η

A

∂G
ρ

Bµ

∂yA
−Gγ

Aη

∂G
ρ

Bµ

∂p
γ

A

(10)

(whereH ≡ H +pAµ0
µ

A, and use is made of the Hamiltonian equations). Since these additional
conditions on the functionsGµ

Aν must be imposed in order to assure thatXH is integrable, the
number of arbitrary functions will be, in general, less thanN(m2 − 1).
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As far as we know, since this is a system of partial differential equations with linear
restrictions, there is no way of assuring the existence of an integrable solution, or of selecting
it. Observe that, considering the Hamiltonian equations for the coefficientsG

µ

Aν(equations (8)),
together with the integrability conditions (9) and (10), we haveN+1

2Nm(m−1) linear equations
and1

2Nm
2(m−1) partial differential equations. If the set of linear restrictions (8) and (9) allow

us to isolateN + 1
2Nm(m−1) coefficientsGµ

Aν as functions on the remaining ones and the set
of 1

2Nm
2(m − 1) partial differential equations (10) on these remaining coefficients satisfies

the conditions onCauchy–Kowalewska’s theorem[6], then the existence of integrable HDW-
multivector fields (inJ 1∗E)) is assured. If this is not the case, we can eventually select some
particular HDW-multivector field solution, and apply the integrability algorithm developed
in [9] in order to find a submanifoldI ↪→ J 1∗E (if it exists), where this multivector field is
integrable (and tangent toI).

Other results concerning the expression of the Hamiltonian equations in terms of
multivector fields can be found in [20–23], where the definition of Poisson algebras in field
theories is also given (see also [5]).

4. Symmetries and first integrals

Next we recover the idea offirst integralor conserved quantity, and state Noether’s theorem
for Hamiltonian systems in field theory, in terms of multivector fields. In this sense, a great part
of our discussion is a generalization of the results obtained for non-autonomous (non-regular)
mechanical systems (see, in particular, [27] and references therein). In the appendix we review
the definition of the basic differential operations on the set of multivector fields in a manifold.

Consider a Hamiltonian system(J 1∗E,�∇h ). Let

kerm �∇h := {Z ∈ X
m(J 1∗E); i(Z)�∇h = 0}

and let kermω �
∇
h ⊂ Xm(J 1∗E) be the set ofm-multivector fields satisfying

i(X)�∇h = 0 i(X)(τ̄ 1∗ω) 6= 0. (11)

These arēτ 1-transverse multivector fields (but not locally decomposable, necessarily) and,
as usual, we can select a representative on each equivalence class of solutions by demanding
that i(X)(τ̄ 1∗ω) = 1. Remember that HDW-multivector fields are solutions of (11) which
are locally decomposable. Then, ifXm

IHDW(J
1∗E,�∇h ) denotes the set of integrable HDW-

multivector fields, we obviously have that

X
m
IHDW(J

1∗E,�∇h ) ⊂ X
m
HDW(J

1∗E,�∇h ) ⊂ kermω �
∇
h ⊂ kerm �∇h .

Now we introduce the following terminology [12,27].

Definition 2. A first integralor a conserved quantityof a Hamiltonian system(J 1∗E,�∇h ) is
a formξ ∈ �m−1(J 1∗E) such thatL(X)ξ = 0, for everyX ∈ kermω �

∇
h .

Observe that, in this case, L(X)ξ = (−1)m+1i(X)dξ .

Proposition 2. If ξ ∈ �m−1(J 1∗E) is a first integral of a Hamiltonian system(J 1∗E,�∇h ),
andX ∈ kermω �

∇
h is integrable, thenξ is closed on the integral submanifolds ofX. That is, if

jS : S ↪→ J 1∗E is an integral submanifold ofX, thendj∗S ξ = 0.

Proof. Let X1, . . . , Xm ∈ X(J 1∗E) be independent vector fields tangent to the (m-
dimensional) integral submanifoldS. ThenX = fX1 ∧ . . . ∧Xm, for somef ∈ C∞(J 1∗E).
Therefore, as i(X)dξ = 0, we have that

j ∗S [dξ(X1, . . . , Xm)] = j ∗S i(X1 ∧ . . . ∧Xm)dξ = 0.

�
Conserved quantities can be characterized as follows.
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Proposition 3. If ξ ∈ �m−1(J 1∗E) is a first integral of a Hamiltonian system(J 1∗E,�∇h ),
thenL(Z)ξ = 0, for everyZ ∈ kerm �∇h .

Proof. Consider the conditions (11), with i(X)(τ̄ 1∗ω) = 1, and letX0 ∈ kermω �
∇
h be a

particular solution. Then, any other solution can be obtained by makingfX0 + Z, with
Z ∈ kerm �∇h ∩ kerm(τ̄ 1∗ω) andf ∈ C∞(J 1∗E). Thus we have that

kermω �
∇
h = {fX0 + kerm �∇h ∩ kerm(τ̄ 1∗ω); f ∈ C∞(J 1∗E)} ⊂ ker�∇h .

Then, for everyZ ∈ kerm �∇h ∩kerm(τ̄ 1∗ω), we have thatZ = X1−X2, withX1, X2 ∈ kermω �
∇
h

such that i(X1)(τ̄
1∗ω) = i(X2)(τ̄

1∗ω). Hence, ifξ is a first integral, we have that L(Z)ξ = 0.
On the other hand, takingX0 ∈ kermω �

∇
h , for everyZ ∈ kerm �∇h we can write the identity

Z = (Z − i(Z)(τ̄ 1∗ω)X0) + i(Z)(τ̄ 1∗ω)X0.

Then, if i(X0)(τ̄
1∗ω) = 1, it follows thatZ − i(Z)(τ̄ 1∗ω)X0 ∈ kerm �∇h ∩ kerm(τ̄ 1∗ω), hence

L(Z)ξ = L(Z − i(Z)(τ̄ 1∗ω)X0)ξ + L(i(Z)(τ̄ 1∗ω)X0)ξ = (−1)m+1i(Z)(τ̄ 1∗ω)i(X0)dξ = 0

since di(XH)ξY = 0, becauseξY ∈ �m−1(J 1∗E). �

The converse of this statement holds obviously, and hence this is a characterization of first
integrals.

Next we introduce the following terminology (which will be justified in theorem 4).

Definition 3. An (infinitesimal) general symmetryof a Hamiltonian system(J 1∗E,�∇h ) is a
vector fieldY ∈ X(J 1∗E) satisfying that[Y, kerm �∇h ] ⊂ kerm �∇h .

Bearing in mind the properties of multivector fields (see the appendix), we obtain that
general symmetries have the following basic properties:

• If Y ∈ X(J 1∗E) is a general symmetry, then so isY +Z, for everyZ ∈ ker�∇h .
• If Y1, Y2 ∈ X(J 1∗E) are general symmetries, then so is [Y1, Y2].

A first characterization of general symmetries is given by the following lemma.

Lemma 3. Let(J 1∗E,�∇h ) be a Hamiltonian system,Y ∈ X(J 1∗E), and letFt be a local flow
of Y . Y is a general symmetry if, and only if,Ft∗(kerm �∇h ) ⊂ kerm �∇h , in the corresponding
open sets.

Proof. As kerm �∇h is locally finite-generated, we can take a local basisZ1, . . . , Zr of kerm �∇h ,
and then the assertion is equivalent to proving that [Y,Zi ] = f ji Zj if, and only if,Ft∗Zi = gji Zj
(for everyi = 1, . . . , r), wheregji are differentiable functions on the corresponding open set,
also depending ont .

It is clear that, ifFt∗Zi = gji Zj , then [Y,Zi ] = f ji Zj .
For the converse, we have to prove the existence of functionsg

j

i such thatFt∗Zi = gji Zj .
Suppose that [Y,Zi ] = f ji Zj , and remember thatddt |t=sFt∗Zi = Fs∗[Y,Zi ]. Hence, on the
one hand we obtain

Fs∗[Y,Zi ] = Fs∗(f ji Zj ) = (F−1
s )∗f ji Fs∗Zj = (F−1

s )∗f ji (g
k
jZk)

and on the other hand, we have that

d

dt

∣∣∣∣
t=s
Ft∗Zi = d

dt

∣∣∣∣
t=s
gki Zk =

dgki
dt

∣∣∣∣
t=s
Zk.
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Therefore, comparing these expressions, we conclude that

dgki
dt
= (F−1

t )∗f ji g
k
j .

This is a system of ordinary linear differential equations for the functionsgki , which, with the
initial conditiongki (0) = δki , has a unique solution, defined for everyt on the domain ofFt .
Then, taking this solution, the result holds. �

Using this lemma, we can prove the following theorem.

Theorem 4. LetY ∈ X(J 1∗E) be a general symmetry of a Hamiltonian system(J 1∗E,�∇h ),
andFt a local flow ofY .

(1) IfZ ∈ kerm �∇h is an integrable multivector field, thenFt transforms integral submanifolds
ofZ into integral submanifolds ofFt∗Z.

(2) In particular, if Y ∈ X(J 1∗E) is τ̄ 1-projectable, andXH ∈ Xm
IHDW(J

1∗E,�∇h ), thenFt
transforms critical sections ofXH into critical sections ofFt∗XH, and henceFt∗XH ∈
Xm

IHDW(J
1∗E,�∇h ).

Proof.

(1) LetX1, . . . , Xm ∈ X(J 1∗E) be vector fields locally expanding the involutive distribution
associated withZ. ThenFt∗X1, . . . , Ft∗Xm generate another distribution which is also
involutive, and, hence, is associated with a class of locally decomposable multivector
fields whose representative is justFt∗Z, by construction. The assertion about the integral
submanifolds is then immediate.

(2) First observe that, asY is τ̄ 1-projectable, thenFt restricts to a local flowFMt in M; that
is, we haveFMt ◦ τ̄ 1 = τ̄ 1 ◦ Ft . Now, for everyψ : M → J 1∗E, integral section ofXH,
we can defineψt : M → J 1∗E by the relationFt ◦ψ = ψt ◦ FMt , which is also a section
of τ̄ 1, because

τ̄ 1 ◦ ψt = τ̄ 1 ◦ Ft ◦ ψ ◦ (FMt )−1 = FMt ◦ τ̄ 1 ◦ ψ ◦ (FMt )−1 = FMt ◦ (FMt )−1 = IdM

since τ̄ 1 ◦ ψ = IdM . Then, observe that, by construction, Imψt = Ft(Imψ) is an
integral submanifold ofFt∗XH, and as is a section of̄τ 1, it is τ̄ 1-transverse. Hence
Ft∗XH (which belongs to kerm �∇h , by lemma 3) is integrable (then locally decomposable),
and as its integral submanifolds are sections ofτ̄ 1, it is τ̄ 1-transverse, thusFt∗XH ∈
Xm

IHDW(J
1∗E,�∇h ).

�

General symmetries can be used for obtaining conserved quantities, as follows.

Proposition 4. If ξ ∈ �m−1(J 1∗E) is a first integral of a Hamiltonian system(J 1∗E,�∇h ),
then so isL(Y )ξ , for every general symmetryY ∈ X(J 1∗E).

Proof. For every first integralξ ∈ �m−1(J 1∗E), andZ ∈ kerm �∇h , if Y ∈ X(J 1∗E) is a
general symmetry, we have that

L(Z)L(Y )ξ = L([Z, Y ])ξ + L(Y )L(Z)ξ = L([Z, Y ])ξ = 0

since [Z, Y ] ∈ kerm �∇h , and as a consequence of proposition 3. �
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5. Noether’s theorem for multivector fields

There is another kind of symmetry which plays a relevant role, as generators of conserved
quantities.

Definition 4. An (infinitesimal) Cartanor Noether symmetryof a Hamiltonian system
(J 1∗E,�∇h ) is a vector fieldY ∈ X(J 1∗E) satisfyingL(Y )�∇h = 0.

Remarks.

• It is immediate to prove that, ifY1, Y2 ∈ X(J 1∗E) are Cartan–Noether symmetries, then
so is [Y1, Y2].
• Observe that the condition L(Y )�∇h = 0 is equivalent to demanding that i(Y )�∇h is a closed
m-form in J 1∗E. Therefore, for everyp ∈ J 1∗E, there exists an open neighbourhood
Up 3 p, and ξY ∈ �m−1(Up), such that i(Y )�∇h = dξY (on Up). Thus, a Cartan–
Noether symmetry of a Hamiltonian system is just alocally Hamiltonian vector fieldfor
the multisymplectic form�∇h , andξY is the correspondinglocal Hamiltonian form, which
is unique, up to a closed(m− 1)-form.

Cartan–Noether symmetries have the following property.

Proposition 5. Let Y ∈ X(J 1∗E) be a Cartan–Noether symmetry of a Hamiltonian system
(J 1∗E,�∇h ). Therefore:

(1) L(Y )2∇h is a closed form, hence, in an open setU ⊂ J 1∗E, there existζY ∈ �m−1(U)

such thatL(Y )2∇h = dζY .
(2) If i(Y )�∇h = dξY , in an open setU ⊂ J 1∗E, then

L(Y )2∇h = d(i(Y )2∇h − ξY ) = dζY (in U ).

Proof.

(1) The first item is immediate since dL(Y )2∇h = L(Y )d2∇h = 0.
(2) For the second item we have

L(Y )2∇h = di(Y )2∇h + i(Y )d2∇h = di(Y )2∇h − i(Y )�∇h = d(i(Y )2∇h − ξY ).
Hence we can writeξY = i(Y )2∇h − ζY (up to a closed(m− 1)-form). �

Remark.

• As a particular case, if for a Cartan–Noether symmetryY the condition L(Y )2∇h = 0
holds, we can takeξY = i(Y )2∇h . In this caseY is said to be anexact Cartan–Noether
symmetry.

Cartan–Noether symmetries and general symmetries are closely related.

Proposition 6. Every Cartan–Noether symmetry of a Hamiltonian system(J 1∗E,�∇h ) is a
general symmetry.

Proof. Let Y ∈ X(J 1∗E) be a Cartan–Noether symmetry. For everyZ ∈ kerm �∇h , we have
that

i([Y,Z])�∇h = L(Y )i(Z)�∇h + (−1)2+mi(Z)L(Y )�∇h = 0

and therefore [Y,Z] ⊂ kerm �∇h . �
Finally, the classicalNoether’s theoremof Hamiltonian mechanics can be generalized to

field theory.
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Theorem 5 (Noether). If Y ∈ X(J 1∗E) is a Cartan–Noether symmetry of a Hamiltonian
system(J 1∗E,�∇h ), with i(Y )�∇h = dξY , then, for every HDW-multivector fieldXH ∈
Xm(J 1∗E), we have that

L(XH)ξY = 0

that is, any Hamiltonian(m− 1)-formξY associated withY is a first integral of(J 1∗E,�∇h ).

Proof. If Y ∈ X(J 1∗E) is a Cartan–Noether symmetry then

L(XH)ξY = di(XH)ξY − (−1)mi(XH)dξY = −(−1)mi(XH)i(Y )�
∇
h = −i(Y )i(XH)�

∇
h = 0.

�
It is interesting to remark that, to our knowledge, given a first integral of a Hamiltonian

system, there is no straightforward way of associating to it a Cartan–Noether symmetryY . The
main obstruction is that, given a(m − 1)-form ξ , the existence of a solution for the equation
i(Y )�∇h = dξ is not assured (even in the case�∇h being 1-nondegenerate). Hence, in general,
theconverse Noether theoremcannot be stated for multisymplectic Hamiltonian systems.

Noether’s theorem associates first integrals to Cartan–Noether symmetries. But these
kinds of symmetries do not exhaust the set of (general) symmetries. As is known, in mechanics
there are dynamical symmetries which are not of Cartan type, which also generate conserved
quantities (see [29, 32, 33], for some examples). These are the so-calledhidden symmetries.
Different attempts have been made to extend Noether’s theorem in order to include these
symmetries and the corresponding conserved quantities. Next we present a generalization of
the Noether theorem 5, which is based on the approach of [35] for mechanical systems.

First we introduce thehigher-order Cartan–Noether symmetries, generalizing definition 4
in the following way.

Definition 5. An(infinitesimal) Cartan–Noether symmetry of ordern of a Hamiltonian system
(J 1∗E,�∇h ) is a vector fieldY ∈ X(J 1∗E) satisfying that:

(1) Y is a general symmetry.
(2) Ln(Y )�∇h = 0, butLk(Y )�∇h 6= 0, for k < n.

Observe that Cartan–Noether symmetries of ordern > 1 are not necessarily Hamiltonian
vector fields for the multisymplectic form�∇h . Nevertheless we have the following proposition.

Proposition 7. If Y ∈ X(J 1∗E) is a Cartan–Noether symmetry of ordern of a Hamiltonian
system(J 1∗E,�∇h ), then the formLn−1(Y )i(Y )�∇h ∈ �m(J 1∗E) is closed.

Proof. In fact, from definition 5 we obtain

0= Ln(Y )�∇h = Ln−1(Y )L(Y )�∇h = Ln−1(Y )di(Y )�∇h = dLn−1(Y )i(Y )�∇h .

�
Hence, this condition is equivalent to demanding that, for everyp ∈ J 1∗E, there exists

an open neighbourhoodUp 3 p, andξY ∈ df m−1(Up), such that Ln−1(Y )i(Y )�∇h = dξY (on
Up). Then, the result stated in proposition 5 can be generalized as follows.

Proposition 8. LetY ∈ X(J 1∗E) be a Cartan–Noether symmetry of ordern of a Hamiltonian
system(J 1∗E,�∇h ). Therefore:

(1) Ln(Y )2∇h is a closed form, hence, in an open setU ⊂ J 1∗E, there existζY ∈ �m−1(U)

such thatLn(Y )2∇h = dζY .
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(2) If Ln−1(Y )i(Y )�∇h = dξY , in an open setU ⊂ J 1∗E, then

Ln(Y )2∇h = d(Ln−1(Y )i(Y )2∇h − ξY ) = dζY (in U ).

Proof.

(1) The first item is immediate since dLn(Y )2∇h = Ln(Y )d2∇h = 0.
(2) For the second item we have

Ln(Y )2∇h = Ln−1(Y )L(Y )2∇h = Ln−1(Y )(di(Y )2∇h + i(Y )d2∇h )
= dLn−1(Y )i(Y )2∇h + Ln−1(Y )i(Y )d2∇h
= dLn−1(Y )i(Y )2∇h − dξY = d(Ln−1(Y )i(Y )2∇h − ξY ).

Hence we can writeξY = Ln−1(Y )i(Y )2∇h − ζY . �

Then, theorem 5 can be generalized to include higher-order Cartan–Noether symmetries.

Theorem 6 (Noether). If Y ∈ X(J 1∗E) is a Cartan–Noether symmetry of ordern of
a Hamiltonian system(J 1∗E,�∇h ), with Ln−1(Y )i(Y )�∇h = dξY , then, for every HDW-
multivector fieldXH ∈ Xm(J 1∗E), we have that

L(XH)ξY = 0

that is, the(m− 1)-form ξY associated withY is a first integral of(J 1∗E,�∇h ).

Proof. If Y ∈ X(J 1∗E) is a Cartan–Noether symmetry then it is a general symmetry, and then
[Y,XH] = Z ∈ ker�∇h . Therefore

L(XH)ξY = (−1)m+1i(XH)dξY = (−1)m+1i(XH)L
n−1(Y )i(Y )�∇h

= (−1)m+1i(XH)L(Y )L
n−2(Y )i(Y )�∇h

= L(Y )i(XH)L
n−2(Y )i(Y )�∇h − i([Y,XH])Ln−2(Y )i(Y )�∇h

= (L(Y )i(XH)− i(Z))Ln−2(Y )i(Y )�∇h
and repeating the reasoningn− 2 times we will arrive at the result

L(XH)ξY = (L(Y )i(XH)− i(Z))n−1i(Y )�∇h = 0

since i(XH)i(Y )�∇h = 0 and i(Z)i(Y )�∇h = 0. �

The study of symmetries of Hamiltonian multisymplectic systems, is, of course, a topic
of great interest. The general problem of a group of symmetries acting on a multisymplectic
manifold and the subsequent theory of reduction has been analysed in [17,18].

6. Restricted Hamiltonian systems

There are many interesting cases in field theories where the Hamiltonian field equations are
established not in the whole multimomentum phase spaceJ 1∗E, but rather in a submanifold
j0 : P ↪→ J 1∗E, such thatP is a fibre bundle overE (andM), and the corresponding
projectionsτ 1

0 : P → E andτ̄ 1
0 : P → M satisfy thatτ 1 ◦ j0 = τ 1

0 andτ̄ 1 ◦ j0 = τ̄ 1
0 . In that

case we say that(J 1∗E,P,�0
h) is arestricted Hamiltonian system, where�0

h := j∗0�
∇
h .

Now we can pose a variational principle in the same way as for the Hamiltonian system
(J 1∗E,�∇h ), (but withP instead ofJ 1∗E): the states of the field are the sections ofτ̄ 1

0 which
are critical for the functionalH0 : 0c(M,P )→ R defined byH0(ψ0) := ∫

M
ψ∗02

0
h, for every
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ψ0 ∈ 0c(M,P ). These critical sections will be characterized by the condition (analogous to
(4))

ψ∗0 i(X0)�
0
h = 0 for every X0 ∈ X(P ).

Hence, considering multivector fields, connections and jet fields inP instead ofJ 1∗E, we have
the following proposition.

Proposition 9. Let (J 1∗E,P,�0
h) be a restricted Hamiltonian system. The critical section of

the above variational principle are sectionsψ0 ∈ 0c(M,P ) satisfying the following equivalent
conditions:

(1) They are the integral sections of an integrable jet fieldY0
H : P → J 1P satisfying

i(Y0
H)�

0
h = 0.

(2) They are the integral sections of an integrable connection∇0
H satisfying thati(∇0

H)�
0
h =

(m− 1)�0
h.

(3) They are the integral sections of a class of integrable andτ̄ 1
0 -transverse multivector fields

{X0
H} ⊂ Xm(P ) such thati(X0

H)�
0
h = 0, for everyX0

H ∈ {X0
H}.

Proof. The proof is as for theorem 2. �

Note that the form�0
h is m-degenerate but, in general, āτ 1

0 -transverse and locally
decomposable multivector fieldX0

H ∈ Xm(P ) such that i(X0
H)�

0
h = 0, does not necessarily

exist. Furthermore, the existence of multivector fields of this kind does not imply their
integrability. Nevertheless, it is possible for these integrable multivector fields to exist on
a submanifold ofP . So we can state the following problem: to look for a submanifoldS ↪→ P

where integrable HDW-multivector fieldsX0
H ∈ Xm(P ) exist; and then their integral sections

are contained inS.
As a first step, we do not consider the integrability condition. The procedure is algorithmic

(from now on we suppose that all the multivector fields are locally decomposable):

• First, letS1 be the set of points ofP where HDW-multivector fields do exist

S1 :=
{
ỹ ∈ P ; ∃X0

H ∈ X
m(P ) such that

{
(i(X0

H)�
0
h)(ỹ) = 0

(i(X0
H)(τ̄

1∗
0 ω))(ỹ) = 1

}}
.

We assume thatS1 is a non-empty (closed) submanifold ofP .
This is thecompatibility condition.
• Now, denote byXm

HDW(P, S1) the set of multivector fields inP which are HDW-
multivector fields onS1. Let X0

H : S1 → 3mTP |S1 be in Xm
H(P, S1). If, in addition,

X0
H : S1 → 3mTS1; that is,X0

H ∈ Xm(S1), then we say thatX0
H is a solution on

S1. Nevertheless, this last condition is not assured except perhaps in a set of points
S2 ⊂ S1 ⊂ P , which we will assume to be a (closed) submanifold, and which is defined
by

S2 := {ỹ ∈ S1; ∃X0
H ∈ X

m
HDW(P, S1) such thatX0

H(ỹ) ∈ 3mTỹS1}.
This is the so-calledconsistencyor tangency condition.
• In this way, a sequence of (closed) submanifolds,· · · ⊂ Si ⊂ · · · ⊂ S1 ⊂ P , is assumed

to be obtained, each one of them being defined as

Si := {ỹ ∈ Si−1; ∃X0
H ∈ X

m
HDW(P, Si−1) such thatX0

H(ỹ) ∈ 3mTỹSi−1}.
• There are two possible options for the final step of this algorithm, namely:
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(1) The algorithm ends by giving a submanifoldSf ↪→ P , with dimSf > m, (where
Sf =

⋂
i>1 Si) and HDW-multivector fieldsX0

H ∈ Xm(Sf ). Sf is then called the
final constraint submanifold.

(2) The algorithm ends by giving a submanifoldSf with dimSf < m, or the empty set.
Then there is no HDW-multivector fieldsX0

H ∈ Xm(Sf ).

This procedure is called theconstraint algorithm.
The local treatment of this case shows significant differences to the general one. We again

have the system of equations for the coefficientsG
µ

Aν . As we have stated, this system is not
compatible in general, andS1 is the closed submanifold where it is compatible. Then, there are
HDW-multivector fields onS1, but the number of arbitrary functions on which they depend is
not the same as in the general case, since it depends on the dimension ofS1. Now the tangency
condition must be analysed in the usual way. Finally, the question of integrability must be
considered. To this end similar considerations as above must be made for the submanifoldSf
instead ofJ 1∗E.

Some of the problems considered in this and the above section have been treated in an
equivalent way, but using Ehresmann connections, in [25,26].

As a final remark, concerning to the study of symmetries for restricted Hamiltonian
systems, results like those discussed in sections 4 and 5 would be applicable, in general, to this
situation, but for the subbundleSf → M, and taking as symmetries vector fieldsY ∈ X(J 1∗E
which are tangent toSf .

7. Hamiltonian formalism for Lagrangian systems

From the Lagrangian point of view, a classical field theory is described by itsconfiguration
bundleπ : E → M, and aLagrangian densitywhich is aπ̄1-semibasicm-form in J 1E. A
Lagrangian density is usually written asL = £π̄1∗ω, where £∈ C∞(J 1E) is theLagrangian
functionassociated withL andω. Then aLagrangian systemis a couple((E,M;π),L). The
Poincaŕe–Cartanm and(m + 1)-formsassociated with the Lagrangian densityL are defined
using thevertical endomorphismV of the bundleJ 1E [8,12]:

2L := i(V)L + L ≡ θL + L ∈ �m(J 1E) �L := −d2L ∈ �m+1(J 1E).

In a natural chart inJ 1E we have

2L = ∂£

∂vAµ
dyA ∧ dm−1xµ −

(
∂£

∂vAµ
vAµ − £

)
dmx

�L = − ∂2£

∂vBν ∂v
A
µ

dvBν ∧ dyA ∧ dm−1xµ − ∂2£

∂yB∂vAµ
dyB ∧ dyA ∧ dm−1xµ

+
∂2£

∂vBν ∂v
A
µ

vAµdvBν ∧ dmx +

(
∂2£

∂yB∂vAµ
vAµ −

∂£

∂yB
+

∂2£

∂xµ∂vBµ

)
dyB ∧ dmx.

The Lagrangian system isregular if �L is 1-nondegenerate and, as a consequence,(J 1E,�L)
is a multisymplectic manifold [4]. Elsewhere the system isnon-regularor singular. The
regularity condition is equivalent to demanding that det( ∂2£

∂vAµ ∂v
B
ν
(ȳ)) 6= 0, for everyȳ ∈ J 1E.

(For more details see, for instance, [2,5,8,12–14,34,36]).
As for Hamiltonian systems, a variational problem can be posed for a Lagrangian system,

which is called theHamilton principleof the Lagrangian formalism: the states of the field are
the (compact-supported) sections ofπ which are critical for the functionalL : 0c(M,E)→ R
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defined byL(φ) := ∫
M
(j1φ)∗L, for everyφ ∈ 0c(M,E). These (compact-supported) critical

sections are characterized by the condition

(j1φ)∗i(X)�L = 0 for every X ∈ X(J 1E)

which, in a natural system of coordinates inJ 1E, is equivalent to demanding thatφ satisfy

the Euler–Lagrange equations: ∂£
∂yA

∣∣∣
j1φ
− ∂

∂xµ
∂£
∂vAµ

∣∣∣
j1φ
= 0. Then [8, 9, 25, 36] we have the

following theorem.

Theorem 7. The critical sections of the Hamilton principle are canonical liftings,j1φ : M →
J 1E, of sectionsφ : M → E, which satisfy any one of the following conditions:

(1) They are the integral sections of an holonomic jet fieldYL : J 1E → J 1J 1E such that
i(YL)�L = 0.

(2) They are the integral sections of an holonomic connection∇L such thati(∇L)�L =
(m− 1)�L.

(3) They are the integral sections of a class of holonomic multivector fields{XL} ⊂ Xm(J 1E)

such thati(XL)�L = 0, for everyXL ∈ {XL}.
XL ∈ Xm(J 1E) is anEuler–Lagrange multivector fieldfor L if it is semi-holonomic and

is a solution of the equation i(XL)�L = 0. (The same terminology is also used for jet fields
and connections.) Then, using this theorem, it can be proved that [9,25]:

• If ((E,M;π),L) is a regular Lagrangian system, then there exist classes of Euler–
Lagrange multivector fields forL. In a local system these multivector fields depend
onN(m2− 1) arbitrary functions, and they are not integrable necessarily, except perhaps
on a submanifoldI ↪→ J 1E, such that the integral sections are inI .
• For singular Lagrangian systems, the existence of Euler–Lagrange multivector fields is

not assured, except perhaps on some submanifoldS ↪→ J 1E. Furthermore, locally
decomposable and̄π1-transverse multivector fields, which are solutions of the field
equations, can exist (in general, on some submanifold ofJ 1E), but none of them are
semi-holonomic (at any point of this submanifold). As in the regular case, although
Euler–Lagrange multivector fields exist on some submanifoldS, their integrability is not
assured, except perhaps on another smaller submanifoldI ↪→ S.

The Lagrangian and Hamiltonian formalisms are related by means of the corresponding
Legendre mapFL : J 1E → J 1∗E. In order to define it, first we introduce theextended
Legendre map̃FL : J 1E→Mπ in the following way [26]:

(F̃Lȳ))(Z1, . . . , Zm) := (2L)ȳ(Z̄1, . . . , Z̄m)

whereZ1, . . . , Zm ∈ Tπ1(ȳ)E, andZ̄1, . . . , Z̄m ∈ TȳJ 1E are such that T̄yπ1Z̄µ = Zµ. (F̃L
can also be defined as the ‘first-order vertical Taylor approximation to £’ [5, 15]). Hence,
using the natural projectionµ : Mπ = 3m

1 T∗E → 3m
1 T∗E/3m

0 T∗E = J 1∗E, we define
FL := µ ◦ F̃L. Its local expression is

FL∗xµ = xµ FL∗yA = yA FL∗pµA =
∂£

∂vAµ
.

Definition 6. Let ((E,M;π),L) be a Lagrangian system.

(1) ((E,M;π),L) is a regular or non-degenerateLagrangian system ifFL is a local
diffeomorphism. Elsewhere((E,M;π),L) is a singular or degenerateLagrangian
system. (This definition is equivalent to that given above.)
As a particular case,((E,M;π),L) is a hyper-regularLagrangian system ifFL is a
global diffeomorphism.
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(2) A singular Lagrangian system((E,M;π),L) is almost-regularif:

(a) P := FL(J 1E) is a closed submanifold ofJ 1∗E.

(We will denote the natural imbedding byj0 : P ↪→ J 1∗E.)

(b) FL is a submersion onto its image.

(c) For everyȳ ∈ J 1E, the fibresFL−1(FL(ȳ)) are connected submanifolds ofJ 1E.

It can be proved [5,26], that if((E,M;π),L) is a hyper-regular Lagrangian system, then
F̃L(J 1E) is a 1-codimensional embedded submanifold ofMπ , which is transverse to the
projectionµ, and is diffeomorphic toJ 1∗E. This diffeomorphism is h := F̃L ◦ FL−1 (which
is justµ−1, whenµ is restricted tõFL(J 1E)), and it is a Hamiltonian section. Thus we can
construct the Hamilton–Cartan forms by making2h = h∗2 and�h = h∗�. Then the couple
(J 1∗E,�h) is said to be theHamiltonian systemassociated with the hyper-regular Lagrangian
system((E,M;π),L). Locally, this Hamiltonian section is specified by the local Hamiltonian
functionH = pµAFL−1∗vAµ − FL−1∗£; then the local expressions of these Hamilton–Cartan
forms are (1), and the (non-covariant) expression of the Hamiltonian equations are (2). Of
course,FL∗2h = 2L andFL∗�h = �L.

This construction can also be made as follows: given a connection∇ in the bundle
π : E → M, let j∇ : J 1∗E → Mπ be the associated linear section, and2∇ = j ∗∇2.
Then we can define a unique Hamiltonian densityH∇ in two different but equivalent ways: by
making the differencej∇−h, or by making(FL−1)∗E∇L , whereE∇L is thedensity of Lagrangian
energyof the Lagrangian formalism constructed using the connection∇. In any case, the form
2h = 2∇ −H∇ , and hence�h, are the same as above (see [11]).

If ((E,M;π),L) is an almost-regular Lagrangian system, then arestricted Hamiltonian
system(J 1∗E,P,�0

h) can be associated in a similar way [11,26].
One expects both the Lagrangian and Hamiltonian formalism to be equivalent. As in

mechanics, the standard way of showing this equivalence consists in using the Legendre map.
First we can lift sections ofπ fromE to J 1∗E, as follows.

Definition 7. Let ((E,M;π),L) be a hyper-regular Lagrangian system,FL the induced
Legendre transformation,φ : M → E a section ofπ and j1φ : M → J 1E its canonical
prolongation toJ 1E. TheLagrangian prolongationof φ to J 1∗E is the section

j1∗φ := FL ◦ j1φ : M → J 1∗E.

(If ((E,M;π),L) is an almost-regular Lagrangian system, the Lagrangian prolongation of a
sectionφ : M → E to P is j1∗

0 φ := FL0 ◦ j1φ : M → P .)

Theorem 8. (Equivalence theorem for sections)Let ((E,M;π),L) and (J 1∗E,�h) be the
Lagrangian and Hamiltonian descriptions of a hyper-regular system.

If a sectionφ ∈ 0c(M,E) is a solution of the Lagrangian variational problem (Hamilton
principle) then the sectionψ ≡ j1∗φ := FL ◦ j1φ ∈ 0c(M, J 1∗E) is a solution of the
Hamiltonian variational problem (Hamilton–Jacobi principle).

Conversely, ifψ ∈ 0c(M, J 1∗E) is a solution of the Hamiltonian variational problem,
then the sectionφ ≡ τ 1 ◦ψ ∈ 0c(M,E) is a solution of the Lagrangian variational problem.
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Proof. Bearing in mind the diagram

J 1E
FL - J 1∗E

π1 τ 1

j1φ ψ

πφ

E

M

Q
Q
Q
Q
QQs

�
�

�
�

��+

J
J
J
J
J
J
J
JJ]

















�

6

?

(12)

If φ is a solution of the Lagrangian variational problem then(j1φ)∗i(X)�L = 0, for every
X ∈ X(J 1E) (theorem 7); therefore, asFL is a local diffeomorphism,

0= (j1φ)∗i(X)�L = (j1φ)∗i(X)(FL∗�h)
= (j1φ)∗FL∗(i(FL−1

∗ X)�h) = (FL ◦ j1φ)∗i(X′)�h)

which holds for everyX′ ∈ X(J 1∗E) and thus, by (4),ψ ≡ FL ◦ j1φ is a solution of the
Hamiltonian variational problem. (This proof also holds for the almost-regular case.)

Conversely, letψ ∈ 0c(M, J 1∗E) be a solution of the Hamiltonian variational problem.
Reversing the above reasoning we obtain that(FL−1◦ψ)∗i(X)�L = 0, for everyX ∈ X(J 1E),
and henceσ ≡ FL−1 ◦ ψ ∈ 0c(M, J 1E) is a critical section for the Lagrangian variational
problem. Then, as we are in the hyper-regular case,σ must be an holonomic section,
σ = j1φ [9,25,36], and since (12) is a commutative diagram,φ = τ 1 ◦ ψ ∈ 0c(M,E). �

Observe that every sectionψ : M → J 1∗E which is solution of the Hamilton–Jacobi
variational principle is necessarily a Lagrangian prolongation of a sectionφ : M → E.

Theorem 9. Let ((E,M;π),L) and (J 1∗E,�h) be the Lagrangian and Hamiltonian
descriptions of a hyper-regular system.

(1) (Equivalence theorem for jet fields and connections.)Let YL andYH be the jet fields
solution of the Lagrangian and Hamiltonian field equations, respectively. Then

j1FL ◦ YL = YH ◦ FL
(we say that the jet fieldsYL andYH areFL-related). As a consequence, their associated
connection forms,∇L and∇H respectively, areFL-related too.

(2) (Equivalence theorem for multivector fields.)LetXL ∈ Xm(J 1E)andXH ∈ Xm(J 1∗E)be
multivector fields solution of the Lagrangian and Hamiltonian field equations respectively.
Then

3mTFL ◦XL = fXH ◦ FL
for somef ∈ C∞(J 1∗E) (we say that the classes{XL} and{XH} areFL-related).

That is, we have the following (commutative) diagrams:

3mTJ 1E −−−−−→ 3mTJ 1∗E
3mTFL

XL

x x XH
FL

J 1E −−−−−→ J 1∗E

J 1J 1E −−−→ J 1(J 1∗E)
j1FL

YL
x x YH

FL
J 1E −−−→ J 1∗E
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Proof. The first item is a consequence of theorem 8, since the critical sections solutions of
the Lagrangian and Hamiltonian variational problems (which areFL-related) are the integral
sections of the jet fieldsYL andYH, respectively (see also [26]).

The second item is an immediate consequence of the first one and the equivalence
between orientable and integrable jet fields and classes of non-vanishing, locally decomposable,
transverse and integrable multivector fields. �

8. Example

(See also [34]).
Most of the (quadratic) Lagrangian systems in field theories can be modelled as follows:

π : E → M is a trivial bundle (usuallyE = M × RN ) and thenπ1 : J 1E → E is a
vector bundle.g is a metric in this vector bundle,γ is a connection of the projectionπ1, and
f ∈ C∞(E) is a potential function. Then the Lagrangian function is

£(ȳ) = 1
2g(ȳ − γ (π1(ȳ)), ȳ − γ (π1(ȳ))) + (π1∗f )(ȳ) (for ȳ ∈ J 1E)

and in natural coordinates takes the form [34]

£ = 1
2a

µν

AB(y)(v
A
µ − γ Aµ (x))(vBν − γ Bν (x)) + f (y).

For simplicity, we consider a model where the matrix of the coefficientsa
µν

AB is regular and
symmetric at every point (that is,aµνAB(y) = a

νµ

BA(y)). This fact is equivalent to the non-
degeneracy of the metricg. The Legendre map associated with this Lagrangian system is
given by

FL∗xµ = xµ FL∗yA = yA FL∗pµA = aµνAB(y)(vBν − γ Bν (x))
and the local expression of the Hamilton–Cartan(m + 1)-form is (1), where the local
Hamiltonian function is

H = 1
2 ã

AB
µν (y)p

µ

Ap
ν
B − f (y)

(hereãABµν denote the coefficients of the inverse matrix of(a
µν

AB)). Hence

2∇h = pµAdyA ∧ dm−1xµ −
(

1
2 ã

AB
µν (y)p

µ

Ap
ν
B − f (y)

)
dmx

�∇h = −dpµA ∧ dyA ∧ dm−1xµ + d
(

1
2 ã

AB
µν (y)p

µ

Ap
ν
B − f (y)

) ∧ dmx

and it is a multisymplectic form. Then, taking (6) as the local expression for representatives of
the corresponding classes of HDW-multivector fields{XH} ⊂ Xm

HDW(J
1∗E), their components

FAµ are

FAµ =
∂H

∂p
µ

A

= ãABµν (y)pνB

andGµ

Aν are related by the equations

G
ρ

Aρ = −
∂H

∂yA
= −1

2

∂ãCBµν

∂yA
p
µ

Cp
ν
B +

∂f

∂yA
. (13)

This system allows us to isolateN of these components as functions of the remainingN(m2−1);
and then it determines a family of (classes of) HDW-multivector fields. In order to obtain an
integrable class, the condition of integrabilityR = 0 (whereR is the curvature of the associated
connection) must hold; that is, equations (9) and (10) must be added to the last system.
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As a simpler case, we consider that the matrix of coefficients isãABµν (y) = δABδµν , (that is,
we take an orthonormal frame for the metricg); then we have thatH = 1

2δ
ABδµνp

µ

Ap
ν
B−f (y).

In this case, equation (13) reduces to

G
ρ

Aρ =
∂f

∂yA
.

From this system we can isolateN of the coefficientsGµ

Aν ; for instance, ifµ, ν = 0, 1, . . . , m−
1, those for whichµ = ν = 0: Thus

G0
A0 =

∂f

∂yA
−

m−1∑
µ=1

δABG
µ

Bµ.

Therefore the HDW-multivector fields are

XH =
m−1∧
µ=0

(
∂

∂xµ
+ δABδµνp

ν
B

∂

∂yA
+ δ0

µ

[
∂f

∂yA
−

m−1∑
ν=1

δABG
µ

Bµ

]
∂

∂p0
A

+
∑
µ=η 6=0

G
µ

Bη

∂

∂p
η

B

+
∑
µ6=η

G
µ

Cη

∂

∂p
η

C

)
.

Now, if we look for integrable Euler–Lagrange multivector fields, the integrability
conditions (9) and (10) must be imposed.

The Lagrangian formalism for this model (using multivector fields) has been studied in [9].
Then, the corresponding (semi-holonomic) Euler–Lagrange multivector fieldsXL given there
by

XL =
m−1∧
µ=0

(
∂

∂xµ
+ vAµ

∂

∂yA
+ δ0µδ

AC

[
∂f

∂yC
−

m−1∑
ν=1

δCDḠ
D
νν

]
∂

∂vA0

+
∑
µ=η 6=0

ḠB
µη

∂

∂vBη
+
∑
µ6=η

ḠC
µη

∂

∂vCη

)
can be compared with the HDW-multivector fields here obtained, observing that, in fact, they
are related as stated in the second item of theorem 9.

As a final remark, we can obtain some typical first integrals, by applying Noether’s
theorem. As infinitesimal generators of symmetries we take the followingπ -projectable vector
fields inE:

Zµ = ∂

∂xµ
Zµν = xµ ∂

∂xν
− xν ∂

∂xµ

(they are isometries of the metricg and symmetries of the potential functionf , which generate
space–time translations and rotations), and whose canonical liftings toJ 1∗E are the vector
fields

Yµ = ∂

∂xµ
Yµν = xµ ∂

∂xν
− xν ∂

∂xµ
+ pνA

∂

∂p
µ

A

− pµA
∂

∂pνA
.

In fact, they are Cartan–Noether symmetries satisfying that L(Yµ)2
∇
h = 0 and L(Yµν)2∇h = 0,

and their corresponding associated first integrals are then

ξYµ = i(Yµ)2
∇
h = −pρAdyA ∧ dm−2xµρ +Hdm−1xµ

ξYµν = i(Yµν)2
∇
h = xµ(−pρAdyA ∧ dm−2xνρ +Hdm−1xν)

−xν(−pρAdyA ∧ dm−2xµρ +Hdm−1xµ)

= xµξYν − xνξYµ .
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If S ↪→ J 1∗E is an integral submanifold of the system, this means that

j ∗SdξYµ = 0 j ∗Sd(xµξYν − xνξYµ) = dxµ ∧ j ∗S ξYν − dxν ∧ j ∗S ξYµ = 0.

9. Conclusions

We have used the relation between jet fields (connections) and multivector fields in jet bundles
to give alternative geometric formulations of the Hamiltonian equations of first-order classical
field theories, and study their characteristic features. In particular:

• The difference between the HDW equations and the covariant form of the Hamiltonian
equations is analysed and thoroughly clarified from a geometrical point of view.
• We prove that the Hamiltonian field equations can be written in three equivalent geometric

ways: using multivector fields inJ 1∗E (the multimomentum bundle of the Hamiltonian
formalism), jet fields inJ 1(J 1∗E) or their associated Ehresmann connections inJ 1∗E.
These descriptions allow us to write these field equations in an analogous way to the
dynamical equations for (time-dependent) mechanical systems.
• Using the formalism with multivector fields, we show that the field equations i(XH)�

∇
h =

0, with XH ∈ Xm(J 1∗E) locally decomposable and̄τ 1-transverse, have solution
everywhere inJ 1∗E, which is not unique; that is, there are classes ofHDW-multivector
fieldswhich are solution of these equations. Nevertheless, these multivector fields are not
necessarily integrable everywhere inJ 1∗E. These features are significant differences in
relation to the analogous situation in mechanics.
• The concept of (infinitesimal) symmetry of a Hamiltonian system(J 1∗E,�∇h ) in field

theory is introduced and discussed from different points of view. The relation between
Cartan–Noether symmetries(those leading to first integrals of Noether type) andgeneral
symmetrieshas been discussed.
• In particular, a version of Noether’s theorem (in the Hamiltonian formalism) using

multivector fields is proved. This statement is also generalized in order to include first
integrals arising from higher-order Cartan–Noether symmetries.
• We have analysed the case ofrestricted Hamiltonian systems(i.e., those such that the

Hamiltonian equations are stated in a subbundleP → E → M of J 1∗E). In this case,
not even the existence of HDW-multivector field is assured, and an algorithmic procedure
in order to obtain a submanifold ofP where HDW-multivector fields exist, is outlined.
Of course the solution is not unique, in general.
• For Hamiltonian systems associated with hyper-regular Lagrangian systems in field theory,

we have proved different versions of the one-to-one correspondence between the solutions
of field equations in both formalisms; namely: theequivalence theoremfor sections, jet
fields and connections, and multivector fields.

Hence, this work completes the results of [9], where the special features of the Lagrangian
formalism of first-order Field theories in terms of multivector fields were studied.

Appendix

(See [9], and also [3,4] and [19]).
LetE be ann-dimensional differentiable manifold. Sections of3m(TE) (with 16 m 6 n)

are calledm-multivector fieldsin E. We will denote byXm(E) the set ofm-multivector fields
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in E. GivenY ∈ Xm(E), for everyp ∈ E, there exists an open neighbourhoodUp ⊂ E and
Y1, . . . , Yr ∈ X(Up) such that

Y =
Up

∑
16i1<···<im6r

f i1...imYi1 ∧ . . . ∧ Yim

with f i1...im ∈ C∞(Up) andm 6 r 6 dimE. A multivector fieldY ∈ Xm(E) is locally
decomposableif, for every p ∈ E, there exists an open neighbourhoodUp ⊂ E and
Y1, . . . , Ym ∈ X(Up) such thatY =

Up
Y1 ∧ . . . ∧ Ym.

If � ∈ �k(E) is a differentiablek-form inE, we can define the contraction

i(Y )� =
Up

∑
16i1<···<im6r

f i1...im i(Y1 ∧ . . . ∧ Ym)� =
∑

16i1<···<im6r
f i1...im i(Y1) . . . i(Ym)�

if k > m, and equal to zero ifk < m. The k-form � is said to bej -nondegenerate(for
1 6 j 6 k − 1) if, for everyp ∈ E andY ∈ Xj (E), i(Yp)�p = 0⇔ Yp = 0. The graded
bracket

[d, i(Y )] = di(Y )− (−1)mi(Y )d := L(Y )

defines an operation of degreem − 1 which is called theLie derivativerespect toY . If
Y ∈ Xi (E) andX ∈ Xj (E), the graded commutator of L(Y ) and L(X) is another operation
of degreei + j − 2 of the same type, i.e., there will exists a(i + j − 1)-multivector denoted by
[Y,X] such that

[L (Y ), L(X)] = L([Y,X]).

The bilinear assignmentX, Y 7→ [X, Y ] is called theSchouten–Nijenhuis bracketof X, Y . If
X, Y andZ are multivector fields of degreesi, j, k, respectively, then the following properties
hold:

(1) [X, Y ] = −(−1)(i+1)(j+1)[Y,X].
(2) [X, Y ∧ Z] = [X, Y ] ∧ Z + (−1)(i+1)(j+1)Y ∧ [X,Z].
(3) (−1)(i+1)(k+1)[X, [Y,Z]] + (−1)(j+1)(i+1)[Y, [Z,X]] + (−1)(k+1)(j+1)[Z, [X, Y ]] = 0.

Moreover, ifX ∈ Xl(E) andY ∈ Xm(E), then

i([X, Y ])� = L(X)i(Y )�− (−1)l+mi(Y )L(X)�.

A non-vanishingm-multivector field Y ∈ Xm(E) and am-dimensional distribution
D ⊂ TE arelocally associatedif there exists a connected open setU ⊆ E such thatY |U is a
section of3mD|U . If Y, Y ′ ∈ Xm(E) are non-vanishing multivector fields locally associated
with the same distributionD, on the same connected open setU , then there exists a non-
vanishing functionf ∈ C∞(U) such thatY ′ =

U
f Y . This fact defines an equivalence relation

in the set of non-vanishingm-multivector fields inE, whose equivalence classes will be denoted
by{Y }U . Then, there is a bijective correspondence between the set ofm-dimensional orientable
distributionsD in TE and the set of the equivalence classes{Y }E of non-vanishing, locally
decomposablem-multivector fields inE. The distribution associated with the class{Y }U is
denotedDU(Y ). If U = E we writeD(Y ).

A submanifoldS ↪→ E, with dimS = m, is said to be an integral manifold ofY ∈ Xm(E)

if, for every p ∈ S, Yp spans3mTpS. Y is an integrable multivector field on an open set
U ⊆ E if, for everyp ∈ U , there exists an integral manifoldS ↪→ U of Y , with p ∈ S. Y is
integrable if it is integrable inE. Y is involutive on a connected open setU ⊆ E if it is locally
decomposable inU and its associated distributionDU(Y ) is involutive. Y is involutive if it is
involutive onE. If a Y ∈ Xm(E) is integrable, then so is every other in its equivalence class
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{Y }, and all of them have the same integral manifolds. Moreover,Frobenius’ theoremallows
us to say that a non-vanishing and locally decomposable multivector field is integrable on a
connected open setU ⊆ E if, and only if, it is involutive onU .

Now, let π : E → M be a fibre bundle.Y ∈ Xm(E) is said to beπ -transverseif, at
every pointy ∈ E, (i(Y )(π∗ω))y 6= 0, for everyω ∈ �m(M) with ω(π(y)) 6= 0. Then, if
Y ∈ Xm(E) is integrable,Y is π -transverse if, and only if, its integral manifolds are local
sections ofπ : E → M. In this case, ifφ : U ⊂ M → E is a local section withφ(x) = y
andφ(U) is the integral manifold ofY throughy, then Ty(Im φ) isDy(Y ).

In Hamiltonian field theory we are interested in multivector fields inτ̄ 1 : J 1∗E → M.
Recall that aconnectionin J 1∗E is one of the following equivalent elements: a global section
Y : J 1∗E → J 1(J 1∗E) of the projectionJ 1(J 1∗E) → J 1∗E (a jet field), a subbundle
H(J 1∗E) of TJ 1∗E such that TJ 1∗E = V(τ̄ 1) ⊕ H(J 1∗E) (which is called ahorizontal
subbundle, and it is also denoted byD(Y) when considered as the distribution associated with
Y), or aτ̄ 1-semibasic 1-form∇ onJ 1∗E with values in TJ 1∗E, such that∇∗α = α, for every
τ̄ 1-semibasic formα ∈ �1(J 1∗E) (theconnection formor Ehresmann connection). A jet field
Y : J 1∗E→ J 1(J 1∗E) (or a connection∇) is orientableif D(Y) is an orientable distribution
onJ 1∗E. Then we have the following theorem.

Theorem 10. There is a bijective correspondence between the set of orientable jet fields
Y : J 1∗E → J 1(J 1∗E) (or orientable connections∇ in τ̄ 1 : J 1∗E → M) and the
set of the equivalence classes of locally decomposable andτ̄ 1-transverse multivector fields
{X} ⊂ Xm(J 1∗E) (they are characterized by the fact thatD(Y) = D(X)). Then,Y is
integrable, if, and only if, so isX, for everyX ∈ {X}.

The expression for a representative multivector fieldX of the class{X} associated with a

jet fieldY : J 1∗E→ J 1(J 1∗E) isX =∧m
µ=1

(
∂
∂xµ

+ FAµ
∂
∂yA

+Gρ

Aµ
∂

∂p
ρ

A

)
.
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We wish to thank Professor M Fernández-Rãnada for clarifying some questions about
symmetries of mechanical systems. We also thank Mr Jeff Palmer for his assistance in preparing
the English version of the manuscript. We are grateful for the financial support of the CICYT
TAP97-0969-C03-01.

References

[1] Awane A 1992k-symplectic structuresJ. Math. Phys.324046–52
[2] Binz E, Sniatycki J and Fisher H 1988The Geometry of Classical Fields(Amsterdam: North-Holland)
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classical relativistic fields I: covariant theoryGIMMSY Preprintphisics/9805040

[16] Günther C 1987 The polysymplectic Hamiltonian formalism in the field theory and the calculus of variations I:
the local caseJ. Diff. Geom.2523–53

[17] Hrabak S P 1999 On a multisymplectic formulation of the classical BRST symmetry for first-order field theories
(Part I): algebraic structuresPreprintmath-ph/9901012

[18] Hrabak S P 1999 On a multisymplectic formulation of the classical BRST symmetry for first-order field theories
(Part II): geometric structuresPreprintmath-ph/9901013
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